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Let K/Q be an algebraic number field and &(s) be the associated Dedekind [ 
function. A quantitative estimate is proved which shows that the average order of 
the coefficients of c;(s) (for m E Z’) arises from infrequent occurrences of very 
large values of these coefficients. This leads to new R-estimates for the associated 
error terms, improving results of &ego and Waltisz. 
Let K/Q be any algebraic number field of degree N = r1 + 2r, > 1 where 
rl is the number of real conjugates and 2r, is the number of imaginary 
conjugates of K. Let &(s) = Cz= r a(n) n e-S be the Dedekind [ function 
associated with K. For a positive integer m, write 
Note that d,(n, K) > 0 and d,(n, K) = a(n) for all n. It is known (see, for 
example, Chandrasekharan and Narasimhan [2]) that for p > 0, 
s d&z, K)(x - n)P = x’+‘P;-i(log x) + d,,,(x) (1) 
n<x 
where A m,,(x) = 0(x I+P--llW’O) and p”,-, is a polynomial of degree m - 1 
with coefftcients depending on m, K and p. In this paper, we prove the 
following two theorems on the distribution of d,(n, K) and on the order of 
4n,,W 
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THEOREM 1. There exists a positirle number .4 depending on~\~ vn h’ such 
that if A(m) = m log m + mA, B = B(x) > 0 is at?)’ jitnction y/’ .Y crtlrl 
L,(x, B) = A(m) log log x - B\/loglog,u. then 
\‘ d,(n. K) < + x(log x)“~ ’ (2) - 
n s .Y 
d,(n.ti)<exp I.,(x.H) 
for some constant c, independent of x and B and 
\‘ - 1 < .u(log x)” ’ - ‘lrn) exp(Bfig log x). (3) 
n < x 
d,(n.h)>expL,(x,B) 
The number A is given explicitly in terms of the Dirichlet density of 
certain classes of primes. See Eq. (11). In particular if K/Q is Galois then 
A = log N. 
Theorem 1 shows that the main contribution of the summatory function in 
(1) (with p = 0) arises from the very large values of d,(n, K), those values 
much larger than their average order (log n)“- ‘. From (3) it is evident that 
there are relatively few of these values. 
THEOREM 2. For p > 0, put 0 = (mN - 1)(2p + 1)/(2mN), K zz 
(mN-1-2p)/(2mN)andr=K(A(m)-m+1)+m-l.JfO<p< (mN-1)/2. 
then there exists a positive number B depending on m, K and p such that 
d,,,(x) = R*(xe(log x)“(log log x)’ exp(-BJlog log log x)} 
where 
R” =n+ ifmr,rO (mod4) andp>(mN-3)/2 
==a+ if mr2 = 3 (mod 4) and p > (mN - 2)/2 
=a- if mr2 = 2 (mod 4) and p > (mN - 3)/2 
= n-. if mr2 = 1 (mod 4) and p > (mN - 2)/2 
==a* otherwise. 
The results in Theorem 2 are new. In [7], Szegij and Walfisz obtained an 
R-result for d,,,(x) b t u with r=m-1 and B=O. In 131, the author 
generalized their result to 0 ,< p < (mN - I)/2 with the same r and B. Later 
in [ 51, the author further improved the result by putting 7 = 
(m log m - m + 1) + m - 1 and some B > 0. Theorem 2 then increases the 
value of 7 by the addition of the term K~A > 0. This theorem appears to be 
the best that can be obtained by present methods. 
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Furthermore, the above theorems are valid if K = Q, the rationals (N = 1) 
but with A = 0. This case was already reported by the author in [3,5]. 
The basic outline of the proofs is as follows. We first specify and describe 
the classes of primes which determine the constant A. We define an 
arithmetical function IV,(n) which counts the number of distinct prime 
factors of n, each prime being weighted according to the class in which it 
lies. We then prove a lemma on the joint distribution of IV,(n) and d,(n, K). 
Theorem 1 then follows easily from the lemma. Theorem 2 is a direct conse- 
quence of Theorem 1 and a general Q-theorem of the author. A general 
description of this theorem is given in the sequel. 
We shall assume that K and m are fixed. Thus all constants and O- 
estimates may depend on K and m in some unspecified way. We shall also 
write d,(n) for d,(n, K) and hope that no confusion arises between our 
d,(n) and the usual m-fold divisor function on the ordinary integers. 
1. THE CLASSES OF PRIMES 
For v = 0, 1,2,..., N, let P,, be the set of rational primes which are 
unramified in K and which are divisible by exactly v primes of K of residual 
degree equal to 1. Let P* be the ramified primes. Note that P* has only 
finitely many elements and P,_, is empty. Also if K/Q is Galois then P,. is 
empty if V = 1, 2,..., N - 1. The P,. are disjoint and together with P* exhaust 
all the rational primes. Furthermore, if p is in P,, then v = a(p), the number 
of ideals of K with norm p and 
vm = d,(p). (4) 
We can describe the sets P, in another way. Let L be the Galois closure of 
K, G = Gal(L/Q) and H = Gal(L/K). F or any rational prime p, let C(p) = 
[(L/Sn)/p] be the conjugacy class of Frobenius automorphisms (/z, L/Q) for 
primes /r of L above p. Then 
P,,=(p:foreach7EC(p),((aEG:7EaHa~’)~=v~~H~}. 
By the prime ideal theorem of Artin [ 1, Satz 41, if Pl, is not empty then 
there exists a positive constant 6,, such that 
K‘ 1=+&+0(&). 
PZ 
(5) 
PEP,. 
The constants 6, are the Dirichlet density of the sets P,, and satisfy 
N 
\’ v . 6, = 1 
,E, 
(6) 
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and 
6,.=IGI--‘~I(rEG:j(aEG:rEoHa ‘}l=Iffl.“$ (7) 
As a simple consequence of (5) we have 
\‘ L=6L,loglogX+o(1). 
PYX P 
PEP,. 
(8) 
We remark that the estimate in (5) is weaker than Artin’s theorem but (5) 
suffices to yield (8) which is all we need here. 
2. THE LEMMA 
For each v = 1, 2,..., N and n a positive integer, let w,.(n) be the number of 
distinct primes in P,, which divide n. Put 
M 
W,(n) = y w,(n) log vm. (9) 
I’ = 1 
This is the weighted prime counting function mentioned in the introduction. 
For all n, if d,(n) > 0 then 
d,(n) > ew w,(n). (10) 
This follows from the fact that d,(n) is multiplicative and 
d,(p”) > (-1)” >vm=exp W,,,(p”) fora> 1 andpinp,,. 
LEMMA. Put 
N 
A= \‘ 6,,vlogv (11) 
,‘= I 
andA(m)=mlogm+mA. Then 
=i- 
nz 
d,(n){ W,(n) -A(m) log log x} 2 = O(x(log x)mp ’ log log x). 
Proof: First, we have from (l), with p = 0, 
n;x d,(n) = c,x(log x)“- l + O(x(log x)+2) (12) 
, 
where c, is the leading coefficient of P”,_ ,(x). 
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Second, by (4), (8) and (12), for each v = 1,2 ,..., N, 
c 4&) o,(n) n<x 
= s s d,(n) 
P<X n<x 
PEP” Pin 
= vm s c 4?l(n) + 0 s 5 d,(p”) x d,(n) 
P<X n<xlp ( P<X a>2 n<XlP” i 
PEP” PEP,. 
=vmc, p~x~(log~/p)~-l+O 
( 
4nW) 
x(lOgx)m-l x x T  
PGX a)2 P ) 
PEP,, PEP,, 
= G,vmc,x(log x)~-~ log log x + O(x(log x)” - 1). 
Thus, using (6), (9) and (1 l), 
K‘ d,(n) W,(n) = c,A (m) x(log x)“- ’ log log x + O(x(log x)“- ‘). (13) 
n&x 
Similarly, we show that 
y 
nix 
d,(n) W:(n) = A*(m) c,x(log x)“-‘(log log x)’ 
+ 0(x log x)” - l log log x). 
This requires only 
1 
sx P4 
- = 6” 6Jlog log x)’ + O(log log x) 
PCP”.4EP, 
which can be proved directly from (8) and the fact that 
(14) 
Combining (12), (13) and (14), we complete the proof of the Lemma. 
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3. PROOF OF THEOREM 1 
Let B and L,(x, B) be as in the statement of Theorem 1. Then by (10) and 
the Lemma, 
for some constant c,,. This proves (2). 
To prove (3), note only that 
as required. 
4. REMARKS ON -I-HE PROOF OF THEOREM 2 
To prove the second theorem we appeal to Theorems A and B of 15 ] (or 
Theorems 3.1.1 or 4.1.1 of [3]). These theorems require a long list of 
hypotheses (satisfied of course by our example above) and are cumbersome 
to state. We therefore content ourselves with a brief description of the basic 
elements of the theorems. 
Suppose that C,“=r b(n) nPs is a Dirichlet series with b(n) > 0 that 
satisfies certain regularity assumptions including a functional equation with 
multiple gamme factors (in the sense of Chandrasekharan and 
Narasimhan (21). Suppose further that there is a set S of positive integers of 
density zero which supports the average order of b(n), i.e., 
Then G-estimates for the error terms in the Riesz sums CnSx b(n)@ - 11)~ 
are determined in terms of the summatory function of the b(n) (as in the 
classical methods of Hardy [6] and Szegij and Walfish [7], ef al.) and also 
in terms the “thinness’ of the set S. The thinner S is the better the estimate. 
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Furthermore, the f character of the G-estimates is made precise, determined 
by relationships between the various parameters in the functional equation 
and p. 
The introduction into these theorems of the dependence on the set S leads 
to the improvements in the results of Szeg6 and Walt& [7] described in the 
remarks after Theorem 2 above. Our claim that Theorem 2 appears to be 
“best possible by present methods” is based on the observation that our set 
S = in: d,(n, K) > exp L,(x, B)} 
appears to be optimal. That is a thinner set would not provide enough 
support for the average order of d,(n, K). 
5. SOME SPECIAL CASES 
One special case of interest is when m = 1 and p = 0. Put 
E(x) = Lx a(n) - hAx, where h is the class number, 
A = 2’l+ ‘WR/(wfi~), 
R is the regulator, o is the number of roots of unity and d is the 
discriminant of K. (Here, E(x) = A,,,(x).) Then, by Theorem 1, if B = B(x) 
tends to co with x, 
r * a(n) - hlx, 
” s x 
x* 1 < x(log x)-” exp(B\/loglogx) 
n<x 
where the CzC, is only over those n with a(n) > (log x)” exp(-B\/loglogx). 
Theorem 2 implies that there exists a positive constant B such that 
E(x) = l2** ((x log x(log log x).‘)(~“~ ‘)‘u’) exp(-B\/logloglogx)) 
whereR**is~+ifN=2or3andKistotallyreal,n_ifN=2andKis 
imaginary and 0, otherwise. This last result improves known a-estimates 
for E(x) given by &ego and Walfisz [7] by essentially a power of log log x. 
In particular, if K = U4(fl), then a(n) = r(n)/4 where r(n) is the number 
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of representations of n as the sum of two squares. We then get the R- 
estimate in Gauss’ circle problem 
x r(n)-7cx 
n<x 
= a- ((x log x)1’4(log log x)(‘Og *‘I4 exp(-Bd&loglogx)}. 
If K = Q and m = 2 (so A = 0), we have d,(n, K) = d(n), the divisor 
function of Dirichlet and 
\‘ d(n)-x(logx+ 2y- 1) 
n < x 
= Q + {(x log x)“4(lOg log x) (3 + * log ‘j/4 exp(-Bdm)}. 
These last two results were obtained by the author using other methods in 
[3,4]. They improve Hardy’s [ 6) classical results of 19 16 by essentially a 
power of log log x. 
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